Dedicated to our teacher, colleague, and friend Jacob Bigeleisen on the occasion of his 70th birthday Solute isotope effects on Henry's law constants of aqueous solutions of argon atoms, of helium atoms, and of nitrogen molecules are considered. A cell model is employed; the translational and rotational motions are treated in the first quantum approximation while the vibrational motion of nitrogen is fully treated (but assumed to be separable and harmonic). The required mean square forces (or equivalent frequency parameters) are evaluated by classical molecular dynamics calcula tions.
Introduction
Experimental studies of (solute) isotope effects on Henry's law constants have been carried out on aqueous solutions of helium and a number of inert homonuclear diatomic molecules by Benson and coworkers [1 a, b, c] and by Muccitelli and Wen [1 d] . Very simple models [2, 3] have been invoked in order to understand these isotope effects. The classical mo lecular dynamics studies here of aqueous solutions of argon, of helium, and of molecular nitrogen were un dertaken to obtain further information about these isotope effects.
Isotope effects on the Henry's law constant (k) can be regarded as isotope effects on the equilibrium of the solute atoms/molecules (Ar, He, N2) between the aqueous phase and the gas phase [2] , In their classic work on equilibrium isotope effects, Jacob Bigeleisen and Maria Goepert Mayer [4] (BM) recognized and emphasized that isotope effects on equilibrium con stants are quantum effects. Thus, one can write for the isotope effect here fci _ (QVQW JiQl/QlU k2 (Ö!/Ö!)qm/(Ö!/Ö!)cl ' * Present address: Rheinisch-Westfälische Technische Hoch schule, Aachen, BRD. Reprint requests to Dr. M. Wolfsberg, Chemistry Depart ment, University of California, Irvine, CA. 92717. Subscripts 1 and 2 refer by convention to light and heavy isotopic molecule respectively, Q refers to molecular partition function, qm refers to quantum mechanical, cl to classical, and the superscripts g and a to gas phase and aqueous phase respectively. The quantum effect on the isotopic partition function ratio is called the reduced isotopic partition function ratio -(sj/sJ f a name and a symbol associated with BM.
Thus, kx = (s2/st) / a k 2 (S2/Sl)f g '
For gas phase molecules, in the ideal-gas-rigidrotor-harmonic-oscillator approximation, (s2/sl) fg can be simply expressed as shown by BM. Thus, (s2/s1) / g(He) = (52/s1) / g(Ar) = l,
2/ DJey
Ul( l -e ' u2)
where u = hcv/kT with v (in cm-1) the vibrational frequency of the relevant nitrogen molecule. Since the harmonic vibrational frequency of N2 is known exper imentally (vide infra), the needed (s^s j f g values may be regarded as knowns. Thus, the only unknown quan tities are the reduced isotopic partition function ratios in the aqueous phase. These are calculated here with aid of classical molecular dynamics (MD) calculations on aqueous solutions.
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Evaluation of Reduced Isotopic Partition Function
Ratio (s2/ s ,) / ,
The reduced isotopic partition function ratio for the solute in aqueous solution (s2/Si) / a will be calculated on the basis of a cell model in which the N-atomic solute molecule has 3 N degrees of freedom. For an atom (He or Ar), the three degrees of freedom are the three (hindered) translations; for a diatomic molecule (N2), there are the three (hindered) translations of the center of mass, the two (hindered) rotations, and the internal vibration of the molecule. A cell model of this type was proposed by Bigeleisen [5] to calculate con densed phase reduced isotopic partition function ratios in connection with vapor pressure isotope effects.
The reduced isotopic partition function ratio will be calculated by means of the method of quantum cor rections for the translational and rotational degrees of freedom. For these degrees of freedom, one expects from the work on vapor pressure isotope effects [5] that the first quantum correction is adequate. In the method of quantum corrections [6] öqm = Qci(l +fc2X2 + terms in higher powers of ft). (4) The first non-vanishing term in the corrections (the first quantum correction) is second order in h.
a) Solute Atoms
The classical kinetic energy T for a solute atom in a cell and the corresponding quantum mechanical op erator H are given respectively by 2 T=m(x2 + y2 + z2),
where m is the atomic mass and V is the potential for motion of the atom in the cell. The first quantum correction then has the simple form [6, 7] Brackets signify classical-statistical-mechanical aver age, and the bracketed quantity here is just the mean square force acting on the particle, taken in Cartesian coordinates. For small quantum correction, one then obtains fr2 / 1 \ (*2/Sl)/a = 1 + ^777^3-( --------^W ) 2X (7) 24(kTy m2J where and m2 refer to mass of light and heavy atom respectively and the last expression in brackets refers to mean square force. The mean square force is inde pendent of isotopic mass and will be evaluated by a classical molecular dynamic calculation.
b) Solute Diatomic Molecules
For a diatomic molecule AB, the kinetic energy can be written as 2 T= mA (x2 + y2 + z2) + mB (x2 + y2 + z2)
= (mA + mB) (X2 + Y2 + Z 2) + n (x2 + y2 + z2),
and the corresponding quantum mechanical operator H is fi2 , h2 ,
Here X, Y, Z refer to the coordinates of the center of mass, x, y, z refer to the relative coordinates of the two atoms (i.e. x = .xA -.xB, etc.), is the Laplacian oper ator for the center of mass while \ 2 is the Laplacian operator for the relative coordinates of the two atoms, M is the molecular mass, n the reduced mass of the di atomic molecule, and V the cell potential. The first quantum correction then has the form h2y,= h: x2 = -24 (kTf y ) 1 + -<(V XF)2>. (11) The first average term in brackets is the mean square force for translation of the center of mass motion and is similar to the mean square force for the atom in (6); the second averaged term is the generalized mean square force for the relative motion of the two atoms in the molecule. \ x can be expressed in terms of polar coordinates r, 9, (fi, where r then refers to vibrational degree of freedom while 9 and < /> refer to rotational degrees of freedom of the diatomic molecule in the cell. 
Here rj is a unit vector along the A-B bond from A to B. The translational term arises from the translational mean square force in (11) . Equation (11) 
where VA and VB are the Laplacian operators on nu cleus A and nucleus B respectively. Equation (16) enables us to write öqm/öci the first quantum correction. As already noted, the first quan tum correction is expected to be applicable to the translational and rotational motions in the cell but not to the vibrational motion of the N2 molecule at 295 (with a fundamental frequency v~2300 cm-1). Therefore, the quantum correction for vibration is separated by 1) omitting the term in (F 2) from y2 and calling the resulting expression y'2, and 2) rewriting (4) for the solute diatomic molecule ß qm = ßc.d+ Ä 2Z, 2) 1 -
The term in (F 2) is just the first quantum correction for a harmonic oscillator with frequency v=(l/2nc)(f/n)112, where / is the harmonic force constant, and corre sponding < f2) = /cT/. This term is now replaced by öqm/öci f°r a harmonic oscillator to yield
with u = hcv/kT. Equation (19) is valid, of course, when the quantum corrections are sufficiently small. How ever, since large vibrational quantum effects are being considered here, the validity of (19) must rest on the assumption that the vibrational degree of freedom is separable; for the N2/water system, to which applica tion is made here, this assumption appears justified since energy transfer involving the N2 vibrational de gree of freedom is found to be very slow in the MD calculations (vide infra). The last bracket on the right hand side of (15), which is multiplied by \ can be rewritten as follows, for a homo-atomic diatomic molecule (either 14N2 or 14N 15N), Use has been made here of the fact that, within the Born-Oppenheimer approximation, the classical sta tistical averages of force functions are independent of isotopic mass for homo-atomic molecules so that, for instance,
For homonuclear molecules, the term in (raA -mB) above is zero. In the homo-atomic diatomic molecule 15N 14N which we will consider here, the term (mA -mB)2/(mA + mB)2 has the magnitude 0.001. An analysis shows that the neglect of such a term with respect to unity is likely to have a negligible effect on the result. Thus, (21) will be replaced by
an expression which is strictly correct only for a homonuclear molecule. Thus, on the assumptions of 1) a cell model for solute motion to separate that motion from solvent motion, 2) separability of (harmonic) vibrational motion of solute from translational and rotational motions, and 3) adequacy of first quantum corrections for translational and rotational motions, the following formula has been derived,
where u -hcv/kT, v refers to vibrational frequency (cm"') in aqueous phase and 1 and 2 refer to light and heavy molecule, respectively. Note again that, within the Born-Oppenheimer approximation, the < ) values are independent of the isotopic masses of the atoms. The classically averaged quantities involving forces on the atoms are evaluated here by the molecular dynam ics technique.
Molecular Dynamics Calculations
Classical molecular dynamics (MD) studies were carried out on three different microcanonical systems corresponding to 295 K and constant volume using standard techniques [8] : 1) a 2.2 molal solution of argon atoms in water (8 argon atoms and 200 water molecules, basic cubic box length 18.1 Ä) with use of an argon-water potential deduced by Kolos et al. [9] by quantum mechanical calculation and fitted here in terms of atom-atom pair potentials A r-H and Ar-O ; 2) a 2.2 molal solution of helium atoms in water in which the helium-water potential is constructed by scaling the argon-water potential, taking into consid eration the differences in "sizes" of a helium atom and of an argon atom (basic cubic box length 18.1 Ä); 3) a , 2.3 molal solution of nitrogen molecules in water (8 nitrogen molecules and 192 water molecules, basic cubic box length 18.0 Ä) with use of a nitrogen-water potential deduced by Curtiss and Eisgruber [10] by quantum mechanical calculation and fitted here in terms of atom-atom pair potentials N -O , N -H , and N -N (the latter taken to be the Morse potential corresponding to experimental [11] data for a gas phase N2 molecule). The force field used for water is the central force model of Stillinger and Rahman [12 a], originally developed by Lemberg and Stillinger [12 b ]. Each system was equilibrated at the desired temperature. Subsequently, the system is propagated for 5000 timesteps without correcting the tempera ture, equivalent to 1.25 picoseconds; the average tem perature of the systems was 295 + 7 K. Details of the various force fields as well as many further details of the calculations will be reported elsewhere. The effect of solute concentration on the calculated mean square forces was not considered.
Calculation of the Mean Square Forces
The required mean square forces </\2>, <F,2>, <F2> for the atomic solutes and also for homonuclear N2 solute molecules are calculated from the MD trajecto ries. Several methods are available; we discuss these for the three types of motions: translational, vibra tional and rotational. a) Translational Motion 1. The translational mean square force <F~) for either the atomic or distomic molecule system can be deter mined from the MD trajectories through (6) and (14) .
2. The mean square forces may also be determined from the form of the autocorrelation function for the velocity (F) of the center of mass. The normalized autocorrelation function is given by [13] 
The autocorrelation function is an even function of the time, and it is straightforward to show that, to second order in t, Taylor's expansion can be written [13] ,
Writing < V 2 (0)> in terms of the mean square force on the center of mass, </\2>, and using the equipartition theorem for < F 2(0)> leads to c(t)= 1 -(f2/2) </\2)/(3 M/cT).
Thus <fj2) can be obtained from the second derivative of c(t) at f = 0; c(t) is evaluated from the atomic veloc ities obtained during the simulation. 3. The spectral density /(co) for a given c(t) is 1 /(co) = -j eiwt c(t) dr
where the second equality follows because c(t) is even. From the inverse relationship
one can obtain by expanding the cosine,
Here, use has been made of the fact that / (co) is nor malized and the translational Einstein frequency has been defined, co2 = j co2 / (co) dco .
From the comparison of (27) 1. The vibrational mean square force <F2> can be determined from the forces / A and / B acting on the atoms of the diatomic molecule during the simulation [Eq. (14)].
2. One finds for the normalized autocorrelation function for the time derivative of the internuclear separation (r) to second order in t, c(t)= \ -(r2/2) (F 2y/(n kT).
(33)
The factor of 3 in the denominator of the last term in (27), which arises from 3 translational degrees of free dom, has been replaced here by a factor of 1. In the derivation of (33), the equation of motion for r was taken to be dV l i f = --.
(34) cr Thus, the centrifugal contribution, which is negligible in the calculations carried out here, was omitted. This method for obtaining <F2> from the second derivative of the autocorrelation function at f = 0 was not em ployed in the present application.
3. The vibrational Einstein frequency coev arising from the vibrational spectral density obtained from the Fourier transform of the r autocorrelation func tion is related to (F 2} by co2v = (F 2}/(pkT).
Thus, <F2> can be obtained from the Fourier trans form of the autocorrelation function.
c) Rotational Motion 1. The rotational mean square force <F2> can be determined from the forces / A and / B acting on the atoms during the simulation [Eq. (14)].
2. The rotational mean square force may also be determined from the form of an autocorrelation func tion. If one recognizes that the rotational force Fn multiplied by the internuclear separation r,
is just the torque with respect to the center of mass of the homonuclear molecule, then one finds straightfor wardly that
where L is the angular momentum with respect to the center of mass. Consequently, the desired autocorrela tion function is the one for the angular momentum of the diatomic molecule, which can be determined from the velocities and coordinates calculated during the 
In Tables 1 and 2 
These frequencies are, of course, isotope dependent since they depend on total mass (vet) and reduced mass (vert and vev) unlike the mean square forces which arc isotope independent. The frequencies are reported since they convey more physical insight to those who have employed harmonic cell models in the study of vapor pressure isotope effects; note, however, that no harmonic assumption has been made for translations and rotations in the present calculations. For aqueous N 2, various methods of calculating the mean square forces are compared. The agreement between the methods tends to be excellent. It may be noted from (32), (35), and (39) that the relevant mean square force <F2> divided by kT may be regarded as the "effective force constant" for the corresponding Einstein fre quency. Such a relationship between mean square force and force constant has been mentioned in [7] , It is noteworthy that, when MD calculations for a given system are carried out at different temperatures, <F,f}/ kT tends to be less temperature dependent than <Fj2). The frequencies that have been obtained here for the condensed phase molecules are just the type of quantities that one needs for vapor pressure isotope effect considerations [5] . The MD techniques used here could probably be employed to carry out theoret ical studies of vapor pressure isotope effects.
Calculations of the Henry's Law Constants
In terms of the Einstein frequencies ve, (s^s^ / a can be written
where uev = hcvev/(kT). This equation resembles that often used for the reduced isotopic partition ratio in the condensed phase in vapor pressure isotope effect considerations [5] , Table 3 presents (s2/s1) / a and (s2/s!) / g values evaluated from the frequencies given in Tables 1 and 2 , and from their stated mass depen dences. Calculated (kl/k2) values are given, as well as experimentally measured ones where available. The deviations from unity of k jk 2 are quite small; thus, a and ß can be identified as the translational and rota tional contributions directly. The small deviation of [y/(s2 st) / g] from unity is the vibrational contribution. These quantities are also shown in Table 3 . For He and Ar there is only a translational contribution. For N2, all three contributions are non-negligible, al though the rotational and vibrational contributions do cancel each other. It appears appropriate to point out that Vogel et al. [14] have found that k j k 2 is less than unity for the 12C/13C isotope effect for aqueous C 0 2; in that case, a negative vibrational contribution must outweigh the translational and rotational contri butions.
In the usual theoretical treatments of condensed phase/vapor phase isotope effects [5] , experimental observation is used to determine at least some param eters) of the condensed phase potential function. However, in the present work, a potential function for water derived to reproduce the observed properties of bulk water in an MD simulation [12] are combined with potential functions of the solute-solvent interac tion derived from a priori quantum mechanical calcu lation, albeit a scaling procedure was employed to derive the helium-water potential from the calculated argon-water potential. The fact that the agreement between calculation and experiment is not better than found here for helium should not be surprising. The agreement between theory and experiment for nitro gen is quite good.
